The partition function for the free neutral scalar field given in the framework of the method of the path integral quantization was exactly derived by the new algebraic method. We found that the free massive neutral scalar field on the finite lattice is thermodynamically inconsistent in the whole range of the variables of state T and V including the thermodynamic limit because its thermodynamic potential is not a homogeneous function of the first order with respect to the extensive variable of state V . However, in the continuum limit the free neutral scalar field is thermodynamically selfconsistent either at high temperatures or in the thermodynamic limit. At finite values of volume the free neutral scalar field in the continuum limit is thermodynamically inconsistent.
I. INTRODUCTION
The process of particle (hadron) production from the hot medium created in heavy ion collisions and hadronhadron reactions at the LHC [1] [2] [3] [4] and the RHIC [5] [6] [7] calls for the introduction of finite temperature and volume into studies of quantum field theory (QFT). However, most theoretical approaches are used to describe the thermodynamic properties or/and phase transitions for relativistic quantum fields (i.e. bosons and fermions, which are generated in these processes) are considered in the thermodynamic limit. In these models, the infinite volume of the system is implemented directly [8] [9] [10] or indirectly through the application of the continuous momentum spectra instead of the discrete eigenvalues of the momentum operator of particles [11] [12] [13] [14] [15] [16] [17] . Thus, the finite size effects are important for consideration in the statistical theories meant to describe the nucleus-nucleus and proton-proton collisions. They may significantly influence the thermodynamic characteristics of quantum fields and, in particular, of the QCD phase diagram as a whole [18] .
There are various methods of quantization of fields, such as the canonical method, the path-integral method, etc. [19] [20] [21] . The thermodynamic properties of the QCD phase diagram are described by both the canonical quantization formalism (second quantization) [16, 22] and the path-integral formalism [23] . Numerical computations in the framework of the path-integral formalism by the Monte Carlo method, for example in the case of lattice gauge theory, allow the study of nonperturbative effects, for example those manifesting themselves in the QCD phase transitions [24] . All of these methods of field quantization are equivalent [19, 20] .
The formalism of statistical mechanics agrees with the requirements of equilibrium thermodynamics, i.e. it is thermodynamically self-consistent under the condition that the thermodynamic potential of the statistical ensemble, which contains all information about the physical system, is a homogeneous function of the first order with respect to the extensive variables of state [25] [26] [27] [28] [29] [30] . For most physical systems this condition is fulfilled in the thermodynamic limit. The problem of thermodynamic consistency in the case of lattice quantum chromodynamics (LQCD), which is hoped to accurately describe the phase transitions for the relativistic quantum fields featuring in heavy ion collisions, has not been rigorously studied yet. It is considered that the trace anomaly enhancement is the interaction measure in both the pure gauge theory on the lattice [31] and the full LQCD [32] [33] [34] . In the approximate numerical calculations for the lattice QCD as given, for example, in [33] [34] [35] it is difficult to verify the homogeneity properties of the thermodynamic potential of the system. Therefore, to investigate the severity of this problem, an exactly solvable statistical model for a free relativistic quantum field in the framework of path-integral quantization on a finite lattice should be reconsidered and finite volume effects as well as the continuum limit should be carefully analyzed.
The main purpose of this paper is to verify the thermodynamic self-consistency of the free neutral scalar field on the lattice and in the continuum limit in a finite volume.
The structure of the paper is as follows. In Section II, we briefly describe the path-integral formalism for the neutral scalar field in the configuration and momentum spaces. The continuum limit for the thermodynamic quantities is given in Section III. The vacuum and physical thermodynamic quantities on the finite lattice are defined in Section IV. The condition of the thermodynamic self-consistency of the statistical model in the grand canonical ensemble is formulated in Section V. The results are discussed in Section VI. The main conclusions are summarized in the final section.
II. PATH INTEGRAL QUANTIZATION FOR FREE REAL SCALAR FIELD
The method of path integral quantization for the real scalar field is well known. We propose a new algebraic method to solve the one-spatial dimensional partition function and recite the most important path integral re-lations to keep the paper self-contained. We consider a system consisting only of the neutral scalar field φ(x) with mass m. The corresponding classical action S is the integral over space-time
with the classical Lagrangian density L given by
The thermodynamics of the real scalar field of volume V , in contact with the heat and particle reservoir of temperature T and chemical potential µ, is defined by the statistical operator and the partition function,
respectively, where β = 1/T ,Ĥ is the Hamiltonian of the system andQ is the electric charge operator in the canonical operator formalism. For the real scalar field the charge operatorQ = 0. The partition function in the canonical operator formalism may be redefined in the form of the functional integral with the classical action. This method gives another consistent description of quantum field theory [23] . Thus, the partition function (3) in the path integral representation can be rewritten as
The field operatorφ(x) in the Schrödinger picture does not depend on time t,φ( x), and has the eigenstate |φ( x) with the eigenvalue φ( x):
Similar relations are satisfied by the canonical conjugate field operatorπ(x) = ∂L/∂φ(x) =φ(x). The HamiltonianĤ of the system in the Schrödinger picture is expressed in terms of the field operatorsφ( x) andπ( x) aŝ
The main point of the path integral quantization method is that the "time" interval of continually variable length β is subdivided into N β equal intervals of length a β , β = a β N β , and the volume V of the system is divided into N 3 σ small cells, each with volume a
where L σ = a σ N σ . The small intervals on the β-axis are labeled by the integer n β = 1, . . . , N β and the space cells in V are fixed by the integer vector n = (n x , n y , n z ) with the coordinates n α = 1, . . . , N σ . The discretized β and volume V form a 4-dimensional lattice Λ, the cells of which are given by the vector n ν = ( n, n β ). Then to each cell n ν there is attributed the field operatorφ(n ν ) with an eigenstate |φ(n ν ) and eigenvalue φ(n ν ). We have a discrete set of a finite number of operators. For convenience, we denote the field operator in another form φ l,i ≡φ(n ν ) (l ∈ Λ 3 , i = n β ), where l is an integer and Λ 3 is the 3-dimensional subspace of the lattice Λ.
For simplicity, to start with, let us find the analytical expression for the partition function in one spatial dimension and generalize it finally to the usual three spatial dimensions. The partition function (4) in one spatial dimension can be written as
where lim denotes the continuum limit which means that 
and
To solve Eq. (9), we insert in the left side of each i-th exponent the product of two unit operators for the fields |φ i+1 and |π i . Using Eq. (10), we obtain
The matrix element is
where the Hamiltonian function (7) for the Klein-Gordon field on the lattice in one spatial dimension is given by
Note that for the real scalar field the chemical potential µ = 0. Using the eigenstate |π i in the field representation, the Hamiltonian function for the Klein-Gordon field on the lattice [24] rewritten for one spatial dimension (16) and the (anti)periodic boundary conditions for the field φ l,i in the (single) spatial direction, we can write
where ξ σ = 1 and ξ σ = −1 for the periodic and antiperiodic boundary conditions along the spatial x-axis, respectively. Integrating over the variables π l,i , φ l,N β +1 and φ Nσ +1,i under the condition that Re(a σ a β /2) > 0 and introducing the new variable
where
The matrix A is a symmetric square matrix. Thus, integrating (18) with respect to the variables φ J(l,i) , we obtain
The determinant of the matrix A can be calculated by the recurrence equations of the form
The matrix elements A ij of the matrix A are given by Eq. (19) . Let us rewrite the partition function (9) in the momentum space on the basis of the Fourier transform defined on the lattice. The four-dimensional momentum spacẽ Λ, which corresponds to the lattice Λ, can be defined as
where ξ µ = 1 (θ µ = 0) and ξ µ = −1 (θ µ = 1/2) for the choice of periodic and antiperiodic boundary conditions, respectively, along the µ-direction and η µ = 1 for N µ even and η µ = 0 for N µ odd [24] . It is not difficult to prove that the vectors p µ and n µ satisfy the following relations:
Then the Fourier transform for the field φ J = φ J(nx,n β ) on the lattice with one spatial dimension and its inverse transform can be written as
where the index J = J(n x , n β ) and the index
The neutral scalar field is real and φ * J = φ J . Therefore, the complex function f I = f I(kx,k β ) can be represented by its amplitude and phase in the form
Substituting Eqs. (32) and (30) into (18) and using Eq. (29), we can write
The matrix B is a symmetric square matrix. Thus, integrating (33) with respect to the variables R I , we obtain
The matrix B has N σ N β nonzero elements equal to G I . In any row and any column there is only one nonzero element, regardless of the periodicity conditions for the x-axis and parity conditions for N σ and N β . Therefore, the determinant of the matrix B can be written as
, we obtain
where | det J |χ −1/2 = 1 and G I is the function calculated by formula (37) . Note that Eq. (41) is equivalent to Eq. (20) . Now the partition function (41) for one spatial dimension can be generalized to three spatial dimensions of the momentum space. For this reason, we can rewrite the partition function (41) and the function (37) in the form
where θ β = 0, p β = 2πk β /(a β N β ) and α = 1, 2, 3. Let us remark that the lattice partition function (42) for the particular case of the periodic spatial boundary conditions, θ σ = 0, was firstly obtained by another method in [36] . The thermodynamic quantities on the lattice are derived from the partition function (42) . The density of the thermodynamic potential ω E = −(βV ) −1 ln Z lat , the energy density
, and the entropy density s E can be written as
where ∂N β /∂β = 0 and ∂N σ /∂V = 0. Note that the energy density (46) and pressure (47) with the periodic spatial boundary conditions, θ σ = 0, were obtained in [36] .
III. CONTINUUM LIMIT
Let us find the density of the thermodynamic potential (45), the energy density (46) and the pressure (47) in the continuum limit. Here we consider only the periodic boundary conditions, θ σ = 0 and θ β = 0, as in Ref. [36] . In this case, we have p α = 2πk α /(a σ N σ ) and the functions (43) and (44) can be written as
for N µ odd, and α = 1, 2, 3. First, let us find the thermodynamic quantities (45)-(47) in the limit N β → ∞, a β → 0 at β = a β N β = const and fixed value of N σ . Expanding the function under the sums in Eq. (46) into the series on N −1 β around the point N β = ∞ and taking the limit N β → ∞, we obtain
From now on the asterisk symbol will denote the thermodynamic quantities given in the limit N β → ∞, a β → 0 at β = const and fixed value of N σ . Using the generating function (see, for example, [37] )
one obtains
where ε * v and ε * are the vacuum and physical terms, respectively, of the energy density ε * E . For m = 0, the zeromode term k = 0, k β = 0 under the sums in Eqs. (46) , (51) and the zero-mode term k = 0 under the sums in Eqs. (53), (55) are suppressed [36] .
The pressure (47) in the limit N β → ∞ and constant value of N σ can be written as
where p * v and p * are the vacuum and physical terms, respectively, of the pressure p * E . Note that for m = 0 the zero-mode term k = 0, k β = 0 under the sum in Eq. (47) and the zero-mode term k = 0 in Eqs. (57) and (58) are all equal to zero [36] . Thus, for the free massless real scalar field we have the relations
v /3 and p * = ε * /3. Considering Eqs. (53), (56) and the definitions of the quantities (45)- (47) , the density of thermodynamic potential (45) in the limit N β → ∞ and fixed value of N σ can be written as
where ω * v and ω * ph are the vacuum and physical terms, respectively, of the density of the thermodynamic potential ω * E . Note that the functions (45), (60) and (61) in the case of the massive neutral scalar field converge at N β → ∞ and constant N σ . The numerical proof of Eq. (59) will be given in Section VI. For m = 0, the zero-mode term k = 0, k β = 0 in Eq. (45) and the zeromode term k = 0 in Eq. (61) are infinite. These terms describe a condensate of massless bosons which should be excluded from the thermodynamic potentials because this condensate is an unobservable. Now let us find the thermodynamic quantities (45)-(47) in the continuum limit
Then, the energy density in the continuum limit can be rewritten as [20, 38] 
where ω is the one-particle energy (50). It takes the form
where k α = 0, ±1, ±2, . . .±∞ and α = 1, 2, 3. For m = 0, the dispersion relation (65) is ω = | p| and the zero-mode term k = 0 under the sum in Eq. (64) is suppressed as in [36] . From now on the index 'c' will denote the physical quantities given in the continuum limit. The pressure (56) in the continuum limit can be rewritten as [20, 38] 
where ω is given in Eq. (65). Note that for m = 0 the zero-mode term k = 0 in Eqs. (67), (68) is equal to zero [36] . Thus, for the free massless real scalar field in the continuum limit we have the relations p The density of the thermodynamic potential (59)-(61) in the continuum limit is given by [20, 38] 
where ω is defined in Eq. (65). For m = 0, the zeromode term k = 0 in Eq. (71) is infinite and should be suppressed because it is nonphysical. Thus, in the continuum limit the energy density (62)-(64), the pressure (66)- (68), and the density of the thermodynamic potential (69)-(71) exactly coincide with their corresponding quantities obtained by the method of second quantization [20, 38] . Hence, it was proved that for the free neutral scalar field the method of path integral quantization and the method of canonical quantization are equivalent at any values of T and V . Let us investigate the trace anomaly and the potential inhomogeneity for the free neutral scalar field in the continuum limit. Using Eqs. (64) and (68) we can write the trace anomaly in the continuum limit as
The trace anomaly ∆ c 2 in the continuum limit defines the deviation of the equation of state from the StefanBoltzmann equation. The trace anomaly (72) for the massive neutral scalar field in a finite volume and at low temperatures is nonvanishing; however, it decreases with T . For m = 0, the trace anomaly (72) is equal to zero, ∆ c 2 = 0, because the zero-mode term k = 0 in Eq. (72) was suppressed. The potential inhomogeneity in the continuum limit can be defined as
This quantity is a measure of violation of the homogeneous properties of the thermodynamic potential of the grand canonical ensemble. The system in the grand canonical ensemble is thermodynamically inconsistent if the quantity (73) is not equal to zero. For the proof of this statement see Section V. In the thermodynamic limit as V → ∞, the thermodynamic quantities of the massless neutral scalar field recover their Stefan-Boltzmann limit, i.e., ε SB = π 2 /(30β 4 ), p SB = ε SB /3 and ω SB = −p SB . However, at finite values of volume V and temperature T the shift ∆ SB = ε SB − ε c for the massless neutral scalar field is not equal to zero and the energy density ε c deviates from its Stefan-Boltzmann limit. Note that the trace anomaly (72) for the massless neutral scalar field in the StefanBoltzmann limit is zero.
IV. PHYSICAL THERMODYNAMIC QUANTITIES ON A FINITE LATTICE
We define the vacuum and physical terms of thermodynamic quantities on the finite lattice (N β , N σ ) as in Ref. [36] . In this case, the vacuum terms of the thermodynamic quantities on the finite lattice are derived from Eqs. (45)- (47) by changing the summation over k β to integration, which corresponds to T = 0. Thus, by definition, we have the vacuum terms as [36] 
where ω is given in Eq. (50). Then, the physical terms of the thermodynamic quantities on the finite lattice can be written as [36] 
These quantities are the same as those from Ref. [36] . Using Eqs. (78) and (79), we obtain the trace anomaly for the free real scalar field on the finite lattice as
It defines the deviation of the equation of state from the Stefan-Boltzmann equation, p SB = ε SB /3. The trace anomaly for the free massive real scalar field on the finite lattice is not equal to zero at the finite temperature and volume. However, for m = 0 the trace anomaly (80) is equal to zero, ∆ 2 = 0. The potential inhomogeneity for the free real scalar field on the finite lattice can be defined as
It defines the violation of the homogeneous properties of the thermodynamic potential for the finite values of (N β , N σ ). See Section V. It should be stressed that the vacuum and physical quantities ω v , ω ph , ε v , ε and p v , p on the finite lattice given in Eqs. (74)- (79) resemble the thermodynamic quantities (70), (71), (63), (64) and (67), (68), respectively, in the continuum limit. Thus, in the continuum limit the vacuum and physical terms of the thermodynamic quantities given in Ref. [36] exactly coincide with the same quantities obtained in the canonical quantization method.
V. THERMODYNAMIC POTENTIAL AND ZEROTH LAW OF THERMODYNAMICS
In the equilibrium statistical mechanics all thermodynamic quantities belong to the class of homogeneous functions of the zero and first order. This property of the thermodynamic quantities provides the fulfilment of the requirements of the equilibrium thermodynamics. For example, in the grand canonical ensemble the zeroth law of thermodynamics is satisfied if the temperature is intensive (zero order) and the grand thermodynamic potential is extensive, i.e. it is a homogeneous function of the first order with respect to the extensive variable of state V .
Let us consider the case when the thermodynamic potential of the grand canonical ensemble is indeed a homogeneous function of the first order with respect to the extensive variable of state V . We have [29, 30] Ω(T, V, µ) = V ω(T, µ).
Then the pressure p and the potential inhomogeneity
For the free neutral scalar field µ = 0. Note that only in this section ω denotes the density of the thermodynamic potential of the grand canonical ensemble.
To prove the zeroth law of thermodynamics, let us divide the system into two subsystems (1 and 2) . Then the extensive variables of state of the grand canonical ensemble should be additive and the intensive variables of state should be the same [29, 30] 
Since the function ω in Eq. (82) depends only on the intensive variables of state T and µ then we have
Using Eqs. (82), (85) and (86), we obtain
Thus, we have obtained that if the thermodynamic potential is a homogeneous function of the first order and the temperature is intensive, then the thermodynamic potential is an additive function and the potential inhomogeneity is zero. This proves the zeroth law of thermodynamics for the grand canonical ensemble [29, 30] . Let us consider a more general case when the thermodynamic potential of the grand canonical ensemble is an inhomogeneous function. For example, we can write
where α is a real number. For α = 1 we have Eq. (82). Then the pressure p and the potential inhomogeneity ∆ 1 can be written as
For the inhomogeneous thermodynamic potential (88) at α = 1 the potential inhomogeneity ∆ 1 = 0 and the pressure p = −Ω/V . To verify the zeroth law of thermodynamics for the inhomogeneous thermodynamic potential (88), let us divide the system into two subsystems (1 and 2) and require Eq. (85). Then we havẽ
Using Eqs. (85), (88) and (91), we obtain
For α = 1 we have Ω 1 + Ω 2 = Ω. Thus, we have obtained that if the thermodynamic potential is an inhomogeneous function and the temperature is intensive, then the thermodynamic potential is nonadditive and the potential inhomogeneity is not equal to zero. This means that the inhomogeneous thermodynamic potential of the grand canonical ensemble and corresponding relation p = −Ω/V (∆ 1 = 0) violate the zeroth law of thermodynamics and thus the formalism of this statistical mechanics is thermodynamically inconsistent. Therefore, the grand canonical ensemble is thermodynamically inconsistent if the density of the thermodynamic potential is not equal to minus pressure and the potential inhomogeneity is not equal to zero.
VI. ANALYSIS AND RESULTS
Let us study the thermodynamic properties of the real scalar field on the lattice and in the continuum limit at a finite temperature T in some finite volume V which are characteristic of the ultrarelativistic heavy ion and hadron-hadron collisions [39] [40] [41] [42] [43] [44] [45] [46] .
First of all, let us numerically verify Eq. (59) saying that the density of the thermodynamic potential (45) in the limit N β → ∞ and fixed value of N σ is divided into the sum of two terms: the vacuum term and the physical term. Figure 1 represents the density of the thermodynamic potential ω E (45), its limit ω * E (59), and the shift ∆ ω ≡ ω * E − ω E as functions of N β for the free neutral scalar field on the finite lattice with the mass of π 0 pion at the temperature T in some volume V for different values of N σ . For the given T , V and N σ , the density of the thermodynamic potential ω E (45) increases with N β and attains the constant ω * E (59) at large values of N β . The shift ∆ ω decreases with increasing N β and tends to zero, ∆ ω = 0, as N β → ∞, which numerically proves that Eq. (59) contains only two terms: the vacuum term ω * v and the physical term ω * ph . The quantities ω E and ω * E increase with N σ . Thus, in the continuum limit, the density of the thermodynamic potential ω E and ω * E tend to infinity, but the shift ∆ ω is equal to zero. In the continuum limit Eq. (59) recovers Eq. (69). Thus, contrary, for example, to Ref. [20] , the density of thermodynamic potential (69) for the free neutral scalar field in the continuum limit does not contain any infinite constant. The thermodynamic potential (69) is composed of the vacuum and physical terms only.
Let us investigate the thermodynamic self-consistency of the free massive neutral scalar field on the finite lattice. The formalism of statistical mechanics in the grand canonical ensemble agrees with the requirements of equilibrium thermodynamics if the thermodynamic potential of the grand canonical ensemble is a homogeneous function of the first order with respect to the extensive variable of state, the volume V . This means that the density of the physical thermodynamic potential ω ph (77) and the physical pressure p (79) should fulfill the equation, ω ph = −p, for any values of the variables of state T and V , i.e., the potential inhomogeneity ∆ 1 (81) should be equal to zero [25] [26] [27] [28] [29] [30] . See also Section V. Figure 2 represents the behavior of the physical energy density (78), the physical pressure (79), the density of the physical thermodynamic potential (77), the trace anomaly (80) and the potential inhomogeneity (81) as functions of volume V and temperature T for the free neutral scalar field on the finite lattice with the mass of π 0 pion. For V = 3 3 fm 3 and fixed values of N β and N σ , the function ε(T )/T 4 has two maxima, one maximum at the lower temperatures and the other maximum at the higher temperatures. See the left panels of Fig. 2 . This function vanishes as T → ∞. Thus, the lattice physical energy density (78) tween these two maxima tend to their Stefan-Boltzmann limit as N σ → ∞. The same behavior is clearly seen for the lattice physical thermodynamic potential ω ph (T )/T 4 . However, the lattice physical pressure p(T )/T 4 has only one maximum at high temperatures and does not recover its Stefan-Boltzmann limit. The lattice trace anomaly ∆ 2 (T ) has a maximum at low temperature and vanishes with increasing T . However, the lattice potential inhomogeneity −∆ 1 (T ) is an oscillating function of T and it is not equal to zero for those values of T for which the energy density and pressure are nonvanishing functions. Thus, as the lattice potential inhomogeneity ∆ 1 is not equal to zero, the statistical formalism for the free massive neutral scalar field on the lattice is thermodynamically inconsistent for all values of the temperature T at fixed values of N β , N σ and volume V .
The volume dependence of the physical energy density (78), the physical pressure (79), the density of the physical thermodynamic potential (77), the trace anomaly (80) and the potential inhomogeneity (81) is presented in the right panels of Fig. 2 . The physical energy density ε(V ) on the finite lattice increases infinitely with the volume V decrease. Such a behaviour is also seen in the density of the lattice physical thermodynamic potential ω ph (V ). However, the lattice physical pressure p(V ) tends to zero as V → 0. With growing volume V the function ε(V ) decreases, then increases and reaches a maximum, and drops to zero in the limit V → ∞. The maximum of the function ε(V ) moves toward larger volumes V with increasing the lattice size N σ and the values of the function ε(V ) at the intermediate points between the maxima of this function tend to a constant as N σ → ∞. The same behavior is seen also for the lattice physical thermodynamic potential ω ph (V ). The lattice physical pressure p(V ) increases with V , reaches a maximum and then drops to zero in the limit V → ∞. The lattice trace anomaly ∆ 2 (V ) and the lattice potential inhomogeneity −∆ 1 (V ) increase infinitely as V → 0. The trace anomaly ∆ 2 on the lattice is not equal to zero for all values of V for which the lattice physical energy density and the lattice physical pressure are nonvanishing functions. For large values of volume V > 100 fm 3 the potential inhomogeneity ∆ 1 on the lattice is not equal to zero also for all values of V for which the lattice physical thermodynamic potential and the lattice physical pressure are nonvanishing functions. Thus, as the lattice potential inhomogeneity ∆ 1 is not equal to zero, the statistical formalism for the free massive neutral scalar field on the finite lattice is thermodynamically inconsistent for all values of the volume V including the thermodynamic c as functions of volume V and temperature T for the free neutral scalar field with the mass of π 0 pion in the continuum limit. Left panels: the curves were calculated at the volume V = 3 3 , 6 3 fm 3 and in the thermodynamic limit (V → ∞). Right panels: the curves correspond to the temperature T = 100 and 200 MeV. limit. In the thermodynamic limit the physical pressure (79) and the density of the physical thermodynamic potential (77) on the finite lattice vanish. Figure 3 represents the behavior of the physical energy density (64), the physical pressure (68), the density of the physical thermodynamic potential (71), the trace anomaly (72), the potential inhomogeneity (73) and the mean number of particles N c = p 1/(e βω −1) as functions of volume V and temperature T for the free neutral scalar field in the continuum limit with the mass of π 0 pion. For V = 3 3 fmin the range of V characteristic for the ultrarelativistic heavy ion and hadron-hadron collisions. From Figs. 3, 4 and 5 it is clearly seen that the free real scalar field is thermodynamically inconsistent (∆ c 1 = 0) for those values of V at which the momentum gap ∆p is approximately the same or larger than the temperature T of the system. We may conclude that the quantized momenta of particles in a small volume V and at finite temperature T lead to the thermodynamic inconsistency of the free real scalar field in the grand canonical ensemble.
VII. DISCUSSION AND CONCLUSIONS
In the present paper, the grand canonical partition function (the thermodynamic potential) for the free neutral scalar field in one spatial dimension given in the framework of the method of path integral quantization was exactly derived in a general form by the new algebraic method. The partition function in the momentum space was obtained from the partition function of the configuration space by using the Fourier transform on a finite lattice. The matrix elements of the matrix A in one spatial dimension were found explicitly. The partition function in the momentum space was generalized to the three-dimensional spatial momentum space. It has recovered the partition function defined in [36] . The main thermodynamic quantities of the grand canonical ensemble in three dimensions were obtained. In the continuum limit, the thermodynamic quantities for the free neutral scalar field given in the method of the path integral quantization resemble the second quantized quantities, which are obtained by the method of canonical quantization. We found that in the continuum limit the density of the thermodynamic potential of the free neutral scalar field is the sum of the vacuum and physical terms and does not contain any infinite constant. The vacuum and physical terms of the thermodynamic quantities on a finite lattice were defined as in Ref. [36] .
The general condition for the thermodynamic self-consistency of any statistical system in the grand canonical ensemble was formulated. The thermodynamic properties of the free neutral scalar field both on the finite lattice and in the continuum limit were studied in the range of temperature and volume typical for the ultrarelativistic proton-proton and heavy-ion collisions. We found that the free massive neutral scalar field on the finite lattice is thermodynamically inconsistent in the whole range of the variables of state T and V including the thermodynamic limit because its thermodynamic potential is not a homogeneous function of the first order with respect to the extensive variable of state V . However, in the continuum limit the free neutral scalar field is thermodynamically self-consistent only at high temperatures or in the thermodynamic limit. At finite values of V it is thermodynamically inconsistent.
